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We study the effects of electron-hole asymmetry on the electronic structure of helical edge states
in HgTe/HgCdTe quantum wells. In the framework of the four-band kp-model, which takes into
account the absence of a spatial inversion centre, we obtain analytical expressions for the energy
spectrum and wave functions of edge states, as well as the effective g-factor tensor and matrix
elements of electro-dipole optical transitions between the spin branches of the edge electrons. We
show that when two conditions are simultaneously satisfied — electron-hole asymmetry and the
absence of an inversion centre — the spectrum of edge electrons deviates from the linear one, in that
case we obtain corrections to the linear spectrum.
I. INTRODUCTION
The study of helical edge states emerging at the edge
of two-dimensional topological insulators is an important
area of physics of two-dimensional crystalline systems
with nontrivial topological properties [1–3]. The key ar-
eas of research include the study of local and nonlocal
electron transport through edge channels [4–7], backscat-
tering mechanisms [8–14] and photogalvanic effect [15,
16]. Among various systems, where one-dimensional
helical channels are experimentally observed [2, 3, 17],
HgTe/HgCdTe quantum wells attract the most attention.
In such wells, the transition between the trivial and topo-
logical phases occurs upon variation of the quantum well
width.
Electronic states in HgTe/HgCdTe quantum wells of
close-to-critical width are usually obtained in the frame-
work of the four-band kp-model, which includes closely
lying electron and hole subbands. The isotropic modi-
fication of this model is called Bernevig-Hughes-Zhang
(BHZ) model [1] and is widely used for calculations of
the electronic structure of the bulk and edge states [18–
25]. However, as shown by the atomistic calcula-
tions [26, 27], the absence of a center of spatial in-
version in the zinc blende lattice and the low symme-
try of the HgTe/HgCdTe quantum well heterointerfaces
lead to strong mixing of the electron and hole subbands,
which modifies the kp-model [19, 27, 28] and leads to
a substantial rearrangement of bulk and edge electronic
states [27, 29, 30]. The absence of a center of spatial in-
version in the HgTe/HgCdTe quantum well is responsi-
ble, for example, for the emergence of optical transitions
between helical states with opposite spin in the frame-
work of the strong electro-dipole mechanism [31].
Both in the isotropic BHZ model and in the noncen-
trosymmetric kp-model, there are diagonal terms pro-
portional to the square of the wave vector and related
to the presence of remote energy bands. These con-
tributions are different for electron and hole subbands,
which leads to violation of electron-hole symmetry – the
Hamiltonian does not coincide with itself after replac-
ing an electron with a hole and simultaneously changing
the sign of the energy. Although the terms quadratic
in wave vector do not directly affect the group velocity
and localization width of the edge states (these quan-
tities are controlled by the large inter-subband mixing,
which is linear in wave vector), electron-hole asymme-
try encoded in diagonal terms, leads to significant mod-
ification of the energy spectrum and wave functions of
edge states. Electron-hole asymmetry may also result in
new effects. For instance, it is responsible for the ap-
pearance of circular photogalvanic effect in helical edge
channels [15, 24, 31, 32]. The influence of electron-hole
asymmetry on the spectrum and structure of edge states
has been studied earlier in the framework of the BHZ
model (see, for example, works [24, 25]). However, such
studies were not carried out for realistic quantum wells
that do not have a center of spatial inversion.
In this paper we study the effects of electron-hole
asymmetry on helical edge states in HgTe/HgCdTe quan-
tum wells. In particular, we analyze the dispersion of
edge electrons and derive expressions for the wave func-
tions of edge states in the framework of noncentrosym-
metric kp- model, we calculate the components of the
g-factor tensor of edge electrons and the matrix elements
of optical transitions between the spin branches of edge
channel. The paper is organised as follows: in Sec. II
a general model is presented and expressions for the en-
ergy and wave functions of the edge states are obtained
for a zero wave vector along the edge; in Sec. III the
g-factor tensor of edge electrons is calculated; in Sec. IV
the spectrum and wave functions of edge states are found
in a wide range of wave vectors; in Sec. V the matrix el-
ements of optical transitions between the spin branches
of edge states are calculated; and finally, in Sec. VI we
discuss the effect of boundary conditions on the obtained
results.
II. EDGE STATES AT ZERO WAVE VECTOR
In this section we formulate the model and obtain wave
functions of helical states at zero wave vector of the mo-
tion along the edge. Let us consider a HgTe/CdHgTe
quantum well grown along the [001] crystallographic di-
rection with a width, which is close to the critical width,
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2when the transition to a topological phase occurs. Such
a structure possesses D2d point symmetry lacking the
center of a spatial inversion. The states in the vicin-
ity of the Fermi level are formed from the close-in-
energy electron-like and hole-like subbands |E1,±1/2〉
and |H1,±3/2〉, respectively [1]. In the |E1,+1/2〉,
|H1,+3/2〉, |E1,−1/2〉, |H1,−3/2〉 basis the quantum
well states are described by the following Hamilto-
nian [29]:
H0(kx, ky) =

δ0 − (B +D)k2 iAk+ 0 iγe−2iθ
−iAk− −δ0 + (B −D)k2 iγe−2iθ 0
0 −iγe2iθ δ0 − (B +D)k2 −iAk−
−iγe2iθ 0 iAk+ −δ0 + (B −D)k2
 . (1)
Here k = (kx, ky) is the electron in-plane wave vector,
k = |k|, k± = kx ± iky, A, B, D, δ0 and γ are real band
structure parameters. At B < 0 (B > 0) and δ0 < 0
(δ0 > 0) the quantum well is in the topological insulator
phase, and its’ edges support helical edge states. The γ
parameter takes into account the absence of a spatial in-
version center in the structure, and results mainly from
the mixing of |E1,±1/2〉 and |H1,∓3/2〉 subbands at the
quantum well interfaces [27]. The value of this parameter
is not yet determined experimentally, and theoretical val-
ues lie in the range 2÷ 5 meV for a HgTe/Hg0.3Cd0.7Te
quantum well [19, 26–28].
In what follows, we use a coordinate system with the
z-axis that coincides with the growth axis of the quan-
tum well, the edge of the sample is parallel to the y
axis, and the sample occupies the half-space x > 0, see
Fig. 1. The y axis makes the angle θ with the [010]
crystallographic axis, which allows one to consider struc-
tures with different crystallographic orientations of the
edge. In particular, at θ = 0 the edge of the sam-
ple is parallel to the [010] axis, while at θ = pi/4 the
edge is parallel to the [110] axis. While obtaining ana-
lytical expressions and analysing the results, we assume
that B < 0, δ0 < 0, |D| < |B|, A > 0 and γ > 0.
For numerical estimates, we use the set of parameters
A = 3.6 eV·A˚, B = −68 eV·A˚2, D = −51 eV·A˚2 [19],
γ = 5 meV [27], and δ0 = −10 meV corresponding to a
HgTe/Hg0.3Cd0.7Te quantum well with a 8 nm width.
y
x
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Figure 1. The edge of topological insulator based on
HgTe/CdHgTe quantum well with a sketch of helical edge
states.
Diagonal terms in the Hamiltonian (1), proportional
to k2, arise due to the mixing of the four considered sub-
bands with remote subbands that are not included in the
Hamiltonian. This mixing is described by the parameters
B and D. As seen, in the case of D 6= 0 the diagonal terms
enter asymmetrically for the electron and hole subbands,
and therefore break the symmetry of the Hamiltonian
with respect to the replacement of an electron by a hole.
Hence, the ratio D/B can be regarded as the electron-
hole asymmetry parameter. As will be shown below, the
spectrum and wave functions of the edge states will be
largely determined by this parameter. For the mentioned
parameters, D/B ≈ 0.75.
The edge states are derived from the solution of the
Schro¨dinger equation
H0
(
−i ∂
∂x
, ky
)
ψkys = εkysψkys (2)
with the boundary conditions ψkys(x = 0) = 0 и
ψkys(x → +∞) = 0. For each value of ky there ex-
ist a pair of such states with different pseudospin s =
±1/2. We use here boundary conditions of the simplest
form, other types of boundary conditions are discussed
in Sec. VI.
First, let us consider ky = 0. We will now show that
in this case there exist an analytical solution of Eq. (2)
with an energy
ε0s = −δ0DB . (3)
For this purpose we substitute energy (3) in Eq. (2) and
write the sought wave functions in the form
ψ0+1/2 =
eikyy√
2L

a(x)
−αa(x)
−ib(x)e2iθ
−iαb(x)e2iθ
 , (4)
ψ0−1/2 =
eikyy√
2L

−ib(x)e−2iθ
iαb(x)e−2iθ
a(x)
αa(x)
 ,
where
α =
√
B +D
B −D . (5)
3After such an ansatz the equations for a(x) and b(x) are
analogous to the equations at D = 0. Using the solution
at D = 0 [29] we obtain
a(x) = N
[
e−x/l1 cos
ϕ
2
− e−x/l2 cos
(
k0x− ϕ
2
)]
,
b(x) = N
[
e−x/l1 sin
ϕ
2
+ e−x/l2 sin
(
k0x− ϕ
2
)]
, (6)
where
N = 2√
l2(1 + α2)
, (7)
l1 = −κBA , l2 = −
A
κδ0
, k0 =
γ
A , tanϕ = −
γ
κδ0
, (8)
and
κ =
√B2 −D2
|B| . (9)
To derive (6) we used the relation l1  l2, which
is valid for realistic quantum wells. Indeed, it follows
from (8), that l1 ≈ 10 A˚, l2 ≈ 540 A˚ for above mentioned
parameters.
In what follows we assume that l1  l2 relation is
fulfilled. Equations (3)-(9) generalise results of Ref. [32]
(D 6= 0, γ = 0) and Ref. [29] (D = 0, γ 6= 0). It is seen
from the derived relations, that despite the small values
of B and D (which manifests itself in small l1), all the
results depend significantly on D/B.
The key consequence of electron-hole asymmetry is the
shift of Dirac point (ε0s) from the middle of the gap
(ε = 0). As seen from (3), the Dirac point shift is pro-
portional to D/B: at D < 0 the Dirac point shifts to-
wards the conduction band, whereas at D > 0 – towards
the valence band. The shift of the Dirac point leads to
a redistribution of the relative contributions of the sub-
bands |E1,±1/2〉 and |H1,±3/2〉 to the wave functions,
increase of the decay length l2, and change of the edge
electrons velocity. In the limiting cases D = ±B, the
Dirac point falls on the boundary of the energy gap, and
the edge states at ky = 0 hybridise with the bulk ones.
As follows from (8), in this case l2 →∞.
By projecting the part of the Hamiltonian (1) with ky
and k2y terms onto the wave functions (4) we obtain the
energy of the edge electrons up to linear in ky terms:
εkys = −δ0
D
B + 2s~v0ky , (10)
where the edge velocity
v0 =
A
~
|δ0|κ2√
κ2δ20 + γ2
. (11)
III. ZEEMAN EFFECT FOR EDGE STATES
In the framework of kp-model the interaction of elec-
tron with magnetic field B is described by the sum of
the orbital contribution, given by the Hamiltonian (1)
with the Peirels substitution H0[k − (e/c~)A], where A
is the vector potential of magnetic field, and the Zeeman
contribution [29]
HZ = µB
2

g⊥e Bz 0 g
‖
eB− 0
0 g⊥h Bz 0 g
‖
he
−4iθB+
g
‖
eB+ 0 −g⊥e Bz 0
0 g
‖
he
4iθB− 0 −g⊥h Bz
 ,
(12)
where g‖e , g⊥e , g
‖
h and g
⊥
h are the g-factors of |E1〉 and|H1〉 subbands, that contain contributions from the mix-
ing with remote electron and hole subbands, B± =
Bx ± iBy, and µB is the Bohr magneton.
The interaction of edge electrons with magnetic field
is described by the following effective Hamiltonian in the
basis (ψ0+1/2, ψ0−1/2):
H(B)edge =
µB
2
∑
α,β=x,y,z
gαβσαBβ , (13)
where gαβ are the components of the g-factor tensor
of edge electrons, and σx, σy, σz are the Pauli matrices.
By projecting the Hamiltonian (12) onto the wave func-
tions (4), we obtain the components of the g-factor tensor
for B lying in the quantum well plane
gxx = g1 cos
2 2θ + g2 sin
2 2θ , (14)
gyy = g1 sin
2 2θ + g2 cos
2 2θ ,
gxy = gyx =
1
2
(g1 − g2) sin 4θ ,
where
g1 =
1
2
(B −D
B g
‖
e −
B +D
B g
‖
h
)
, (15)
g2 =
1
2
(B −D
B g
‖
e +
B +D
B g
‖
h
) |δ0|κ√
κ2δ20 + γ2
.
Equation (15) generalises results of [29] for D 6= 0.
Since the heavy-hole g-factor g‖h is close to zero in quan-
tum wells made of materials with a zinc-blende lat-
tice [33], the main contribution to g1 and g2 is given by
the first terms in (15). In real structures, the (B −D)/B
factor may strongly deviate from unity, for example, for
the parameters listed in Sec. II, (B −D)/B ≈ 1/4, hence
the g-factors for the in-plane magnetic field are decreased
by about four times as compared with D = 0. Estimates
give g1 ≈ 2.5, g2 ≈ 2, consistent with the results of nu-
merical modeling of the edge electrons spectrum in [31].
Magnetic field directed normal to the quantum well
mixes the |E1〉 and |H1〉 subbands leading to to large
orbital contribution to the gαz components. The diagonal
component gzz, similarly to the case ofD = 0, depends on
the vector potential gauge and can be set to be zero [29],
while the off-diagonal components are gauge-independent
and have the following form:
gxz = −g3 sin 2θ, gyz = g3 cos 2θ , (16)
4where
g3 =
2m0A2
~2
γ|δ0|κ2
(δ20κ2 + γ2)3/2
. (17)
Estimations give g3 ≈ 130, and thus, g3  g1, g2.
Magnetic field mixes edge states and opens a gap in its
spectrum. This energy gap at θ = 0 is
εg = µB
√
g21B
2
x + (g2By + g3Bz)
2 . (18)
As follows from (18), the gap opens for any direction of
the field, except when the field lies in the yz-plane and
is directed at an angle − arctan g2/g3 with respect to y-
axis. We note, that for any edge orientation (any θ) there
exists a direction in space, when applied magnetic field
does not open a gap.
Giant anisotropy of the g-factor is confirmed in the
magneto-transport experiments. It was shown that per-
pendicular magnetic field suppresses edge conductivity
due to the opening of the Zeeman gap, whereas the influ-
ence of the in-plane magnetic field on the conductivity is
much weaker [7] .
IV. EDGE STATES AT NONZERO WAVE
VECTOR
In order to study electron transport and optical tran-
sitions involving edge electrons, it is necessary to know
the wave functions and the spectrum of edge states for
a nonzero wave vector of motion along the edge. In this
section, we find the spectrum and wave functions of edge
states for ky 6= 0. In the framework of the isotropic
model corresponding to γ = 0 in the Hamiltonian (1),
and also in the framework of the model without an in-
version center, but possessing electron-hole symmetry
(γ 6= 0, D = 0), analytical expressions are derived for
the spectrum and wave functions in the entire range of
wave vectors. In a more general case, approximate re-
sults are obtained that are valid for a small value of D/B
or γ/|δ0|.
A. Isotropic model
First, let us consider the case γ = 0, which corre-
sponds to the isotropic model. Detailed study of the
edge states structure within isotropic approximation is
presented in [25]. In this case the Hamiltonian (1) is
composed of two independent 2×2 blocks. At γ = 0 the
Schro¨dinger equation (2) has an analytical solution, valid
for a wide range of ky [20, 25]
ε
(0)
kys
= −qδ0 + 2sκAky , (19)
ψ
(0)
ky+1/2
=
eikyy√
2L
 a(x, ky)−αa(x, ky)0
0
 , (20)
ψ
(0)
ky−1/2 =
eikyy√
2L
 00a(x,−ky)
αa(x,−ky)
 .
Here q = D/B, function a has the form [see Eq. (6) at
γ = 0]
a(x, ky) =
2√
l2(ky)(1 + α2)
[
e−x/l1 − e−x/l2(ky)
]
, (21)
with the edge states localization width l2 that depends
on the wave vector
l2(ky)
−1 = l−12 − qky − k2yl1 , (22)
and l1 and l2 are given by Eqs. (8). The derived expres-
sion for a(x, ky) is valid, as before, at l1  l2(ky). The
k2yl1 term is small in the range of the studied ky, and thus,
is neglected in the following. Important consequence of
the electron-hole asymmetry (q 6= 0) is the dependence
of the edge localization length on ky. As shown below,
this dependence leads to nonzero matrix element of the
electric dipole operator between the edge states.
Let us consider the case q > 0 in more detail. As
follows from Eq. (22), the length l2(ky) diverges at
ky = k
∗ = 1/(ql2) for the edge state with s = +1/2
and at ky = −k∗ for the s = −1/2 state. One may
show that at ky = ±k∗ dispersion curves of the edge
states (19) touch the lower boundary of the conduction
band εc =
√
δ20 +A2k2y. At these points the edge states
“merge” with the bulk (2D) states. However, note that
the elastic scattering from the edge states to the conduc-
tion band comes to play significantly earlier, already at
εkys = −δ0, i. e., ky = 1/l2(1 + q). While moving along
the edge branches towards the valence band the l2(ky)
length decreases. At εkys = δ0, when the energy of the
edge states coincides with the maximum energy of the
valence band one has l2(ky) = l2(1 − q). At subsequent
increase of the wave vector l2(ky) may become compara-
ble with l1, and Eqs. (21), (22) are not valid in this case.
This situation is analyzed in detail in Ref. [25].
B. Model without inversion center
Let us now consider the model of realistic quantum
wells lacking the center of spatial inversion. This model
is described by the Hamiltonian (1) with γ 6= 0. We
will derive analytical results in two limits, in the limit
γ/|δ0|  1, when anti-diagonal terms of the Hamilto-
nian (1) can be considered as a small perturbation, and
in the limit |D/B|  1, i.e., in the limit of weak electron-
hole asymmetry.
1. The limit γ/|δ0|  1
In this section we consider anti-diagonal terms of the
Hamiltonian (1) as a small perturbation. Non-perturbed
5wave functions ψ(0)ky±1/2 of the edge states are found in
Sec. IVA for arbitrary ky, see Eq. (20). Note that in
the first order of perturbation theory over γ the pertur-
bation does not couple or shift in energy the edge states
ψ
(0)
ky±1/2. It means that the corrections to the edge states
wave functions are due to the admixture of bulk states
of conduction or valence band to the edge states.
Hence, in the first order of perturbation theory over
γ the energy of edge states is not changed and coincides
with Eq. (19). We will seek the wave functions of the
edge states in the following form
ψky+1/2 =
eikyy√
2L

a1(x, ky)
−αa2(x, ky)
−ib1(x, ky)e2iθ
−iαb2(x, ky)e2iθ
 , (23)
ψky−1/2 =
eikyy√
2L

−ib1(x,−ky)e−2iθ
iαb2(x,−ky)e−2iθ
a1(x,−ky)
αa2(x,−ky)
 ,
where b1 and b2 are unknown functions ∝ γ. In the first
order of perturbation theory a1 and a2 are equal and
coincide with the non-perturbed wave function (21).
The function ψky−1/2 is related to ψky+1/2 by the time
inversion. Eq. (2) with non-perturbed energy (19) leads
to the following set of equations on b1 and b2:
l1b
′′
1 + b
′
2 +
[
l2(ky)
−1 + ky
]
b1 + kyb2 = −k0a , (24)
l1b
′′
2 + b
′
1 +
[
l2(ky)
−1 − ky
]
b2 − kyb1 = −k0a .
The solution of these equations that satisfies the bound-
ary conditions has the form
b1 = b(x) +B(x) , b2 = b(x)−B(x) , (25)
where
b(x) =
N (ky)k0l2(ky)
2
×
×
{
e−x/l1 +
[
2x
l2(ky)
− 1
]
e−x/l2(ky)
}
,
B(x) = −N (ky)k0kyl2(ky) xe−x/l2(ky) , (26)
and
N (ky) = 2√
l2(ky)(1 + α2)
.
At ky = 0 the functions b1 and b2 are equal and coincide
with Eq. (6), taken in the limit γ/|δ0|  1. The pertur-
bation theory is valid when b1,2 are small compared to a,
i.e. at k0l2(ky) 1. It limits the range of ky, over which
the derived equations can be applied.
Using corrections to the wave functions, obtained in
the first order of perturbation theory over γ/|δ0|, we will
derive the second order corrections to the edge states
energy:
ε
(2)
kys
=
〈
ψ
(0)
kys
|Vγ |ψ(1)kys
〉
, (27)
where ψ(0)kys are the wave functions of the zero order (20),
ψ
(1)
kys
is the linear-in-γ part of the wave functions (23),
and Vγ is the anti-diagonal part of the Hamiltonian (1).
Calculations show that
ε
(2)
kys
= − γ
2
2|δ0|
kyl2
(1− qkyl2)2 . (28)
Equation (28) contains quadratic in γ correction to the
edge velocity, as well as, for q 6= 0, the terms of higher
powers in ky. Hence, when two conditions are simul-
taneously fulfilled, electron-hole asymmetry and the ab-
sence of spatial inversion center (q 6= 0 and γ 6= 0), the
spectrum of edge electrons deviates from the linear one.
As before, Eq. (28) is valid when k0l2(ky)  1, i.e. at
1− qkyl2  k0l2.
Figure 2 shows the results of numerical calculation of
edge and bulk states in the HgTe/CdHgTe well and com-
parison with the obtained analytical dependences. It can
be seen that the spectrum of edge electrons deviates from
the linear one with a velocity (11), and this deviation is
well described by the dependence εkys = ε
(0)
kys
+ε
(2)
kys
. Cor-
rections to the linear dispersion of edge electrons were
also studied in [25] in the framework of the isotropic
model, but with boundary conditions of a more complex
form. The nonlinearity of the spectrum leads, for exam-
ple, to the generation of edge photocurrent in the edge
channels due to indirect optical transitions [16].
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Figure 2. Energy spectrum of electronic states in
HgTe/HgCdTe quantum well for band parameters shown in
the text and γ = 2 meV, so that γ/|δ0| = 0.2. The edge dis-
persion branches are shown by blue and red. Panel b) shows
increased part of the edge dispersion. Solid lines are numeric
calculations, dashed lines are linear dependences with veloc-
ity calculated by (11), dashed-dotted lines are dependences
ε
(0)
kys
+ ε
(2)
kys
, which take into account deviation from the linear
behaviour.
62. The limit of weak electron-hole asymmetry
For arbitrary γ, but q = D/B  1 it is also possible to
obtain analytical expressions for edge states. As before,
we will seek the wave functions in the form (23). Let
us consider ψky+1/2 in more detail. The wave function
ψky−1/2 is related to ψky+1/2 by Eq. (23), and εky−1/2 =
ε−ky+1/2. The Schro¨dinger equation (2) for ψky+1/2 leads
to the following set of equations
l1a
′′
1 + a
′
2 +
(
l−12 +
E
αA
)
a1 − kya2 − k0b2 = 0 ,
l1a
′′
2 + a
′
1 +
(
l−12 −
αE
A
)
a2 + kya1 − k0b1 = 0 ,
l1b
′′
1 + b
′
2 +
(
l−12 +
E
αA
)
b1 + kyb2 + k0a2 = 0 ,
l1b
′′
2 + b
′
1 +
(
l−12 −
αE
A
)
b2 − kyb1 + k0a1 = 0 ,(29)
where we decomposed the edge state energy as εky+1/2 =
−qδ0 + E.
The set of equations (29) has analytical solution at
q = 0 (α = 1) with energy
E(0) =
Aky|δ0|√
δ20 + γ
2
. (30)
Thus, the spectrum of edge states obtained in Sec. II
using perturbation theory for small ky remains linear in
the case q = 0 in the entire range of wave vectors. Details
of the solution, as well as expressions for the functions
a1,2 and b1,2 are given in the Appendix.
At q  1 to the first order in q we have α ≈ 1 + q and
α−1 ≈ 1− q. Hence, Eqs. (29) have the same form as at
q = 0 with l2 that depends on energy
l−12 (E) = l
−1
2 −
qE
A . (31)
In this equation up to terms linear in q we can set E =
E(0) and therefore obtain
l−12 (ky) ≈ l−12 −
qky|δ0|√
δ20 + γ
2
. (32)
Equation (32) describes the dependence of localization
width of the s = +1/2 edge state on ky at q  1.
To find corrections to the dispersion of the edge
states (30) at q  1 we substitute the expression (32)
for l2(ky) in the right side of Eq. (30) for energy. Up to
the first order in q we find
E ≈ E(0) − qA2k2y
γ2|δ0|
(δ20 + γ
2)2
. (33)
It follows from Eq. (33) that in the presence of electron-
hole asymmetry the spectrum of edge states deviates
from linear one, and corrections quadratic in the wave
vector appear. This result is consistent with that ob-
tained in the limit γ/|δ0|  1, see Eq. (28).
V. MATRIX ELEMENTS OF OPTICAL
TRANSITIONS
Excitation of the edge of topological insulator by elec-
tromagnetic wave causes optical transitions between the
spin branches of edge states. Due to the absence of a
spatial inversion center in HgTe/HgCdTe quantum wells,
optical transitions occur due to electro-dipole mecha-
nism [31]. The matrix element of the electron-photon
interaction is proportional to the matrix elements of the
velocity operator v = ∂H0/~∂k between the states ψkys
and ψky−s [31]:
v
(x)
s−s =
〈
ψkys |vx|ψky−s
〉
= u1e
−4isθ ,
v
(y)
s−s =
〈
ψkys |vy|ψky−s
〉
= 2isu2e
−4isθ . (34)
In this section we calculate u1 and u2 in the limit
γ/|δ0|  1. Wave functions ψkys for that case are found
in Sec. IVB1, see Eqs. (23), (25), (26). The calculation
gives:
u1 =
v0k0kyl
2
2 [l2(ky)− l2(−ky)]
2
√
l2(ky)l2(−ky)
, (35)
u2 =
v0k0l
2
2√
l2(ky)l2(−ky)
[
1− l2(ky) + l2(−ky)
2l2
]
,
where v0 = κA/~ is the edge velocity at γ/|δ0|  1.
After simplifications we obtain
u1 = v0
qk0k
2
yl
3
2√
1− q2k2yl22
, u2 = −qu1 . (36)
Equations (35), (36) are valid for arbitrary value of q and
wave vector ky, for which the relation 1 − qkyl2  k0l2
holds. Also in calculations we set l1 = 0 both in the wave
functions and the velocity operator. As follows from (35),
the matrix elements u1 and u2 are nonzero due to the
dependence of the edge states localization width on ky,
and therefore vanish if the system possesses electron-hole
symmetry (q = D/B = 0). It can be shown, however,
that, taking into account small contributions ∝ l1/l2, the
matrix element u2 6= 0 even at q = 0.
Figure 3 shows the results of calculations of the matrix
elements u1 and u2 using two methods – numerical di-
agonalization of the Hamiltonian (1) and analytical for-
mulas (36). The plots show that at γ/|δ0| = 0.1, the
analytical calculations are in good agreement with the
numerical ones, however at γ/|δ0| = 0.2, a significant
discrepancy is already observed, so that Eqs. (36) over-
estimate the values of u1 and u2. One of the reasons is
that with increasing γ the edge velocity v0, which enters
expressions for u1 and u2, decreases.
Optical transitions between edge states can also be
characterized by the matrix elements of the dipole mo-
ment operator, which at small ky have the form [31]:
d
(x)
s−s = −2sie−4isθD1ky , d(y)s−s = e−4isθD2ky , (37)
7where D1,2 = eu1,2/|kyωs−s| and ~ωs−s = εkys − εky−s.
With account for Eq. (36)
D1 =
e
2
qk0l
3
2 =
eDB2
2(B2 −D2)3/2
γA2
δ30
, (38)
D2 = −qD1 = − eD
2B
2(B2 −D2)3/2
γA2
δ30
.
Estimations by Eq. (38) at γ/|δ0| = 0.1 give D1/e ≈
1.7 × 10−12 cm2 and D2/e ≈ −1.2 × 10−12 cm2. This
estimation agrees on the order of magnitude with the
numeric estimations obtained in [31] for γ/|δ0| = 0.5.
u1
u2
Ve
loc
ity
 m
atr
ix 
ele
me
nt 
(10
5  c
m/
s)
−5
0
5
10
Wave vector ky (106 cm-1)
−0.1 0 0.1 V
elo
cit
y m
atr
ix 
ele
me
nt 
(10
5  c
m/
s)
−10
0
10
20
30
Wave vector ky (106 cm-1)
−0.1 0 0.1
a) b)
Figure 3. Matrix elements of the velocity operator u1 and
u2 for γ/|δ0| = 0.1 (а) and γ/|δ0| = 0.2 (b). Solid curves
show numeric calculations, dashed curves show calculations
by Eqs. (36). The inset sketches the optical transitions in the
system.
Upon absorption of the circularly polarized light by he-
lical edge states, optical transitions occur asymmetrically
in k space leading to the generation of spin polarization
and edge photocurrent [31]. Relative difference in the
rates of optical transitions from the states ψky−1/2 and
ψ−ky+1/2, gky−1/2 and g−ky+1/2, respectively, is propor-
tional to the degree of circular polarization of the incident
light Pcirc and is equal to
gky−1/2 − g−ky+1/2
gky−1/2 + g−ky+1/2
= KPcirc , (39)
where
K = − 2D1D2
D21 +D
2
2
=
2DB
B2 +D2 . (40)
We note that the asymmetry parameter K for transitions
between edge states is equal to the similar coefficient for
transitions from edge to bulk states [24]. In both cases,
K = 0 if the system possesses electron-hole symmetry
(D = 0). This result is a consequence of a more general
statement about the absence of spin polarization and the
photogalvanic effect upon the absorption of circularly po-
larized radiation by electron-hole symmetric system [31].
VI. THE ROLE OF BOUNDARY CONDITIONS
The above results are obtained for the simplest “open”
boundary condition ψ(x = 0) = 0. Solutions corre-
sponding to a more general boundary condition ψ′(x =
0) + hψ(x = 0) = 0 differ from those considered in the
work only by the pre-factors before the exponents e−x/l1
and e−x/l2 in the functions a(x) and b(x), see for example
Eq. (6). As a result, a change of h parameter leads to
a change of the wave functions exactly near the edge at
the small l1 scale, and therefore all the obtained results
are independent of h, since they are determined by the
wave functions behaviour on a much larger scale l2.
The most general form of the boundary conditions at
the boundary of the topological insulator with vacuum
was obtained from general physical considerations in [23].
Boundary conditions of the general form take into ac-
count the admixture of remote subbands by the edge of
the structure. In particular, it is possible that the bound-
ary condition itself violates the electron-hole symmetry
in the system. In this case, even at D = B = 0 in the
quantum well Hamiltonian, the spectrum of edge states
becomes asymmetric with respect to the center of the
band gap and deviates from the linear [23, 25].
Another example of a system with helical states is the
boundary of two HgTe/HgCdTe quantum wells of differ-
ent widths in the phase of trivial and topological insu-
lators, respectively. In the simplest case, such a contact
can be modelled by the spatial dependence δ0(x) in the
Hamiltonian (1), assuming that the remaining band pa-
rameters are weakly dependent on the well width. In
the case B = D = 0, such a model predicts the presence
of edge states with a symmetric linear spectrum [34, 35].
However, if B 6= 0 and D 6= 0, the situation becomes more
complicated. The Dirac point position and the edge ve-
locity depend on the ratio of δ0 values at the right and
left sides of the contact. Let us consider δ0(x > 0) = −δr,
δ0(x < 0) = δl, and δl,r > 0. Then, if the relation
A/δr, A/δl  l1 holds, the electron-hole asymmetry
does not lead to a noticeable change in the spectrum
of edge states. In this case, the ∝ k2 diagonal terms in
the Hamiltonian can be neglected without changing the
physical results. The same situation is realized in the
case of a smooth contact. However if A/δr  l1 and
A/δl . l1, the electron-hole asymmetry begins to play
a significant role in the spectrum of edge states. In the
limit A/δl  l1 the wave function does not penetrate
into the region x < 0, which corresponds to the open
boundary condition.
VII. CONCLUSION
In this work we have studied the effect of electron-hole
asymmetry on the electronic structure of helical edge
states in HgTe/HgCdTe quantum wells. We have ob-
tained analytical expressions for the wave functions and
the energy spectrum of helical states, the g-factor ten-
8sor, and the matrix elements of optical transitions be-
tween edge states with opposite spin in the framework
of the electro-dipole mechanism. We have shown that in
the presence of electron-hole asymmetry, the spectrum of
edge states deviates from the linear one, and have found
corrections of higher orders in the wave vector. It has
been shown that electron-hole asymmetry has the great-
est impact on the structure of helical states for a sharp
boundary with vacuum, while in the case of a smooth
boundary, for example, a contact between two insulators,
its role is significantly reduced. Obtained results can
be used in the analysis of magneto-transport phenom-
ena and the edge photogalvanic effect in HgTe/HgCdTe
quantum wells.
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Appendix A: Wave functions of edge states at D = 0
In this section, we obtain analytic expressions for the
wave functions ψkys in the case D = 0 and in the
limit D/B  1. The functions ψkys are sought in the
form (23), where the set of equations for the functions
a1,2 and b1,2 is given by Eq. (29). We will look for a
solution in the form a1,2, b1,2 ∝ e−λx with positive λ.
Substituting this solution into the set of equations, we
find the roots of the characteristic equation λj and the
corresponding vectors as functions of the energy E. It can
be shown that the boundary condition ψkys(x = 0) = 0
can be satisfied only if E = Aky/
√
1 + k20l
2
2, see Eq. (30)
in the main text.
In the l1  l2 limit we have:
λ1 = λ2 =
1
l1
, λ3 = λ
∗
4 =
1
l2
− ik0
√
1− E
2
δ20
. (A1)
These equations show that for |E| < |δ0| (the energy of
the edge state lies in the bulk gap) only the oscillation
period of the wave function varies, while the decay length
does not change. For |E| > |δ0|, the decay length starts
to increase, and finally, at E = ±δ0
√
1 + δ20/γ
2, it goes
to infinity. As in the case γ = 0, this occurs at the point,
where edge and bulk dispersion curves touch each other.
The final expressions for a1,2 and b1,2 read
a1(x) = v1
{
e−x/l1 cosϕ1 − e−x/l2 cos[k0(E)x− ϕ1]
}
,
a2(x) = v1e
−x/l1 cosϕ1 − v2e−x/l2 cos[k0(E)x− ϕ1 − ϕ2] ,
b1(x) = e
−x/l1 sinϕ1 + v1v2e−x/l2 sin[k0(E)x− ϕ1 − ϕ2] ,
b2(x) = e
−x/l1 sinϕ1 + e−x/l2 sin[k0(E)x− ϕ1] . (A2)
Here:
k0(E) = k0
√
1− E
2
δ20
, tan 2ϕ1 =
k0(E)l2
1 + kyl2
, (A3)
v1 =
√
|δ0| − E
|δ0|+ E , v2 =
√
|δ0|
√
1 + k20l
2
2 − E
|δ0|
√
1 + k20l
2
2 + E
,
tanϕ2 =
Ek0l2√
δ20 − E2
√
1 + k20l
2
2
.
As shown in Sec. IVB2, in the limitD/B  1 Eqs. (29)
has the same form as at D = 0, but with l2 that depends
on energy according to Eq. (31). Thus, to find the wave
functions of the edges states in the limit D/B  1, one
should substitute the l2 length in Eqs. (A2) and (A3)
with its expression Eq. (31).
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